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Summary: Typical Data Analysis Problem (rReminder)

Steps:

1. Pre-processing [Part 1] > Majid Mimehdi (~50%)
2. Feature Selection

3. Modelling & Classification [Part 2] &> Alin Achim (~50%)
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Features help simplify the problem

Patient with mild Parkinson’s Disease

» Even “impoverished” motion data can evoke a strong perception



This Lecture

T

Feature Selection and Extraction

> Signal basics



Nyquist-Shannon Sampling Theory - Reminder

“An analogue signal containing components up to some maximum frequency u (Hz)
may be completely reconstructed by regularly spread samples, provided
the sampling rate is at least 2u samples per second”

Also referred to as the Nyquist-Shannon criterion: sampling rate s should be at
least twice the highest spatial frequency u.

1
, , - =
sampling period T < o

equivalent to sampling rate S = 2u



Basic Signals N y = sin(x) = sin(x+2m)
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Some basic signals:

> Unitimpulse signal All signals can be represented by

> Unit step signal these basic signals!
» Exponential signal
>

Periodic signal

_ Y=ae® +noise
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Signals as Functions

A signal is a physical quantity that is a function of one or more independent
variable(s), such as space and/or time.

Data from a Gene pool
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i AR S Example signals:

Position of a car in a video
sequence

1D signal: f{x)
2D signal: fix,y)
3D signal: f(x,),¢) etc.



Even Functions have y-axis Symmetry
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Odd Functions have origin Symmetry
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So a function is odd when  y = f(x) = —f(—x)



Examples: odd or even?
flx) =3x*—7x2+1

f=x) =3(=0)* = 7(—x)? +1=3x* - 7x? + 1

flx) =4x3 —x

f(=x) = 4(—x)3 — (—x) = —4x% +x

flx) =3x>—x+1

f=x)=3(-x)5-(—0)+1=-3x>+x+1

Even

Odd

Neither Odd,
nor Evenl
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Function Decomposition

Any function f{x)#0 can be decomposed as the sum
of an even function f,(x) and an odd function £, (x).

f) =g@) +h(x)

96 = 5 [/(@) + () Even Part

1
h() = 5[ (0) = f(=2)] Odd Part
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Example

fl)=e™™

Even Part

1
900 =5 (e + %)

Odd Part

1
h(x) = E(e‘x— e®)

f(x) = g(x) + h(x)

J
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Signals as Functions

period is the time T it takes to finish one cycle.

1
frequency 1y = 7 is the number of cycles per unit of time, measured in
Hz.

amplitude a is a measure of how much it changes over a single period.

Example: sine function

£(t) = a sin2mut Wavelength or period T

< »
<« »

Nk amplitude a

t

Phase 0 is where the signal is in the oscillation

(or the angular position). 13



Periodic Signals

A continuous-time signal f(t) is periodicif f(t + T) = f(t)

Fundamental period T, of f(t) is the smallest T that satisfies the above.
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Periodic Signals

fe+T)=f(®)

What is T, for this example?

Flz) = g~ 0008 sin(%:r) + ﬂ..’lcns(;r}
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Example I: a simple signal

0.5 sec
e —_———2Hz
[ i i 4 Hz
| e T e
L, N Pt ™ TN f H=
[ o — S — —
L N N e N i P N N N - A
[TRF s A | A N
summation of the above 3ine waves
AP, PR -

The fundamental period or combined frequency is
the highest common factor.
COMS20011 - DDCS



Example I: a simple signal

8

fla) = Z sin(2mna)

n=1
17



Example IlI: any complex signal...



https://x.com/Rainmaker1973/status/2100608731155148883
https://x.com/Rainmaker1973/status/2100608731155148883
https://x.com/Rainmaker1973/status/2100608731155148883

Example llI: visualising amplitudes and phases

e Y

19



Example IV: Visible light
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How should we interpret these musical instrument signals?

Sound Level (volts)

30

251

20

Characteristics of sound in audio signals:
High pitch - rapidly varying signal
Low pitch - slowly varying signal

Sound Level vs Time

Trumpet

0.000
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Time (s)

0.006

0.008 0.010

Sound Level (volts)

Sound Level vs Time

0.000 0.005 0010 0015 0020 0.025 0030
Time (s)
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Fourier Series

Trigonometric Fourier Series: Any periodic function can be expressed
as the sum of sines and/or cosines of different frequencies, each
multiplied by a different coefficient. > Jean Baptiste Joseph Fourier (1822).

fx) = Z ay, Cos (27;1nx> + b, sin<

n=0

2TNnx

)

A function with period T is represented by two infinite sequences of

coefficients. 7 is the no. of cycles/period.

» The sines and cosines are the Basis Functions of this
representation. a, and b, are the Fourier Coefficients.

» The sinusoids are harmonically related: each one’s frequency is an
integer multiple of the fundamental frequency of the input signal.

22



Fourier Series

Trigonometric Fourier Series: Any periodic function can be expressed
as the sum of sines and/or cosines of different frequencies, each
multiplied by a different coefficient. > Jean Baptiste Joseph Fourier (1822).

= 2nnx 2mnx
f(x)=a0+Zancos< T ) + bnsin< T )
n=1

A function with period T is represented by two infinite sequences of

coefficients. 7 is the no. of cycles/period.

» The sines and cosines are the Basis Functions of this
representation. a, and b, are the Fourier Coefficients.

» The sinusoids are harmonically related: each one’s frequency is an
integer multiple of the fundamental frequency of the input signal.

> Note the function has an even part and an odd part!

» a,is often referred to as the DC term or the average of the signal.
23



ncsoe

Voltage

Direct Current (DC)

y

Time

Alternating Current (AC)

NN,
VAAVAS

Voltage
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Fourier Series Solution

A Fourier series provides an equivalent representation of the function:

- 2nnx - (2nnx
f(x) =aq+ z a, cos + by sin
3 T T
n=

The coefficients are:
+T/2

1
ay =? f f(x)dx
-T/2
+T/2

2 | recosc
-T/2

2nnx
T

a, = )dx
+T/2

bo=7 [ reosing

-T/2

2nnx
Ydx
T
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Fourier Series Example: Square Wave

f(x) 2> a square wave Ly
-1 —=<x<0
fx) =
+1 0x<-—

£x) [ One period \

X
1

N[
S
N~ ]

T

T
Example periodic function on Y +;
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Fourier Series Example: Square Wave

f(x) 2> a square wave Ly
-1 7 <x<0

0 fx) =

2mnx 2mnx T
f(x):Zancos< T >+bnsin< T ) o 0sx<y

n=0

2
e T.

f(x) cos <21r;1x) dx =0

Nl‘i\wrﬂ

The integral of an odd function over a symmetric interval is zero!

Xy
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Fourier Series Example: Square Wave

f(x) 2> a square wave

-1
T
2 flx) =
2 ff( ) si 2mnx d +1
= = X) SIn X
T T
T
2
; Even function, so integrate
_ 4 2mnx over half the period and
Tff(x) sm( T )dx double the result
0
% But over this interval,
4 2 —
=—fsm< 7Tnx)dx fG) =1
T
0
4[ T (Znnx)] Tz 4
by, = =|—=—=cos
T 2nn T 0 b _)nn
=
= 2=t 1) =201 —(—1)"
b, = T( 277:71) (cos(mn) =1 =— (1 = (=D") 0,

—<x<0
2

0< <T
<x >

, nodd

neven
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Fourier Series Example: Square Wave

f(x) 2> a square wave

T
b_Zf()_ 27rnxd
n—Tfosm T X

4

2mx
T

n odd

neven

-T
-1 —<x<0
fx) =
+1 0<x<-—

4 4 2mx 4 2mx 4 2mx
f(x)=7—T-sm—+—-sm3-—+—-sm5-—+—-sm7-—+

3

T 5 T 7T T
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Approximating the Square Wave

4sin@ A 6—§E
n T
|
4sin38 > Fan Jll\ﬂ\l
3n \n/

4sin58 o R
5n ' '
4sin78 - Clm

n |

()_4 . 21rx+4 - 27rx+4- 0 5 27rx+4- in 7 27Tx+
fx == sin T T3, sin T T, sin T T sin T
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Fourier Space/Domain for the Square Wave

» The set of Fourier Space
coefficients b, contain
complete information
about the function 07

» Although f(x) is periodicto b, _
infinity, b, is negligible
beyond a finite range

0.4

0.2

» Sometimes the Fourier ' ' ' '
representation is more
convenient to use, or just
view

31



Next: From Fourier Series to the Fourier Transform

The Fourier Series applies to continuous, periodic signals — but real-
world data is discrete and finite

The (Discrete) Fourier Transform (D)FT is the practical counterpart
— it operates on a finite sequence of N sampled values. However,
we will define continuous and discrete FT.

Key differences from the Fourier Series:

- Input: N discrete samples f(0), f(1),... f(N — 1)

- Output: N complex Fourier coefficients F(0), F(1),..F(N — 1)

- Both the time domain and frequency domain are discrete and periodic

The DFT is the bridge between the Fourier Series theory we have
studied and real computational implementations ©
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Next...

Feature Selection and Extraction

> 1D Fourier Transform

33
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  T   ≤    1  2 u


  s   ≥ 2 u


  f  ( x ) = 3  x 4 − 7  x 2 + 1


  f  (  − x ) = 3 ( − x  ) 4 − 7 ( − x  ) 2 + 1 = 3  x 4 − 7  x 2 + 1


  f  ( x ) = 4  x 3 − x


  f  (  − x ) = 4 ( − x  ) 3 − ( − x ) = − 4  x 3 + x


  f  ( x ) =   3 x 5 − x + 1


  f  (  − x ) = 3 ( − x  ) 5 −  (  − x ) + 1 = − 3  x 5 + x + 1


  f ( x ) = g ( x ) + h ( x )


  g ( x ) =  1 2 [ f ( x ) + f ( − x ) ]


  h ( x ) =  1 2 [ f ( x ) − f ( − x ) ]


  f  ( x ) =  e  − x


  g ( x ) =  1 2     ( e  − x +   e x )


  f  ( x ) = g  ( x ) + h ( x )


  h ( x ) =  1 2     ( e  − x −   e x )


  u =  1 T


    𝜃


    T


    a  


  𝜃


  f ( t ) = a   sin 2 𝜋 u t


  t


  T


  f ( t )


   T 0  


  f ( t )  


  T  


   u 0 =    1   T 0


  f ( t + T ) = f ( t )


   T 0  


   T 0  


   T 0 =   3 π 2


  f ( t + T ) = f ( t )


  f  ( 𝛼 ) =    ∑  n = 1 8  sin ⁡ ( 2 𝜋 n 𝛼 )


      f  ( x ) =  ∑  n = 0 ∞   a n   cos ⁡   (    2 𝜋 n x T ) +  b n   sin ⁡   (    2 𝜋 n x T )


  f  ( x ) =  a 0 +  ∑  n = 1 ∞   a n   cos ⁡   (    2 𝜋 n x T )    +     b n   sin ⁡   (    2 𝜋 n x T )


   b n =  2 T  ∫  − T / 2  + T / 2  f ( x )   sin ⁡ (   2 𝜋 n x T ) d x


   a n =  2 T  ∫  − T / 2  + T / 2  f ( x )   cos ⁡ (   2 𝜋 n x T ) d x


          f  ( x ) =  a 0 +  ∑  n = 1 ∞   a n   cos ⁡   (    2 𝜋 n x T )    +     b n   sin ⁡   (    2 𝜋 n x T )


   a 0 =  1 T  ∫  − T / 2  + T / 2  f ( x ) d x


  f ( x )


  f ( x ) =  {     − 1          − T 2 ≤ x < 0   + 1        0 ≤ x <  T 2


  –  T 2


  +  T 2


  −  T 2 ,   +  T 2


  f ( x ) =  {     − 1          − T 2 ≤ x < 0   + 1        0 ≤ x <  T 2


            a n =    2 T  ∫    − T 2   T 2  f  ( x )   cos ⁡   (    2 𝜋 n x T ) d x


      f  ( x ) =  ∑  n = 0 ∞   a n   cos ⁡   (    2 𝜋 n x T ) +  b n   sin ⁡   (    2 𝜋 n x T )


  f ( x ) =  {     − 1          − T 2 ≤ x < 0   + 1        0 ≤ x <  T 2


   b n =    2 T  ∫    − T 2   T 2  f  ( x )   sin ⁡   (    2 𝜋 n x T ) d x


   b n =    4 T  ∫ 0   T 2  f  ( x )   sin ⁡   (    2 𝜋 n x T ) d x


   b n =    4 T  ∫ 0   T 2    sin ⁡   (    2 𝜋 n x T ) d x


  f  ( x ) = 1


   b n =  4 T  [    −  T  2 𝜋 n cos ⁡   (    2 𝜋 n x T ) ]    


  T / 2


  0


   b n =  {       4  𝜋 n ,     n   o d d        0 ,     n   e v e n


   b n =


   4 T  (  −  T  2 𝜋 n )  (    cos ⁡   (  𝜋 n ) − 1 ) =  2  𝜋 n   ( 1   − ( − 1  ) n )


  f ( x ) =  {     − 1          − T 2 ≤ x < 0   + 1        0 ≤ x <  T 2


   b n =    2 T  ∫    − T 2   T 2  f  ( x )   sin ⁡   (    2 𝜋 n x T ) d x


  f  ( x ) =  4 𝜋 ⋅ sin     2 𝜋 x T +  4  3 𝜋 ⋅ sin   3 ⋅   2 𝜋 x T +  4  5 𝜋 ⋅ sin   5 ⋅   2 𝜋 x T +  4  7 𝜋 ⋅ sin   7 ⋅   2 𝜋 x T  +  .   .   .


   b n =  {       4  𝜋 n ,     n   o d d        0 ,     n   e v e n


  f  ( x ) =  4 𝜋 ⋅ sin     2 𝜋 x T +  4  3 𝜋 ⋅ sin   3 ⋅   2 𝜋 x T +  4  5 𝜋 ⋅ sin   5 ⋅   2 𝜋 x T +  4  7 𝜋 ⋅ sin   7 ⋅   2 𝜋 x T  +  .   .   .


  𝜃 =   2 𝜋 x T


  N


  N    


  f  ( 0 ) ,   f  ( 1 ) , … f  (  N − 1 )


  N


   ( 0 ) ,   F  ( 1 ) , … F  (  N − 1 )

